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Extension complexity

xc(P)
= least # of inequalities in

an LP that expresses P

= least # of facets in a polytope
E ⊆ Re that projects onto P

Polytope P ⊆ Rn

E ⊆ Re
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Extension complexity

xc(P)
= least # of inequalities in

an LP that expresses P

= least # of facets in a polytope
E ⊆ Re that projects onto P

Polytope P ⊆ Rn

E ⊆ Re

First explicit lower bounds by
Fiorini–Massar–Pokutta–Tiwary–de Wolf

STOC 2012
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Our result

Main result

There are n-node graphs G whose independent
set polytope PG satisfies xc(PG) ≥ 2Ω(n/ log n)

Existential: Most n-dimensional 0/1-polytopes
have xc(P) = 2Θ(n) [Rot12]

Explicit: Previous best 2Ω(
√

n) for Cut, TSP, and
Matching polytopes [FMP+12, Rot13]

Upper bounds: Planar, bounded treewidth, . . . [many]
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Key conceptual idea:

KW/EF connection
[Hrubeš–Razborov]
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KW/EF: Overview

KW
[Raz–Wigderson’90]:
Matching function ((m

2 ) input bits) has
monotone formula complexity 2Ω(m)

EF
[Rothvoß’13]:
Perfect matching polytope
has extension complexity 2Ω(m)

⇐= KW/EF connection
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KW/EF: Overview

KW
[Raz–Wigderson’90]:
Matching function ((m

2 ) input bits) has
monotone formula complexity 2Ω(m)

[Göös–Pitassi’14]:
Explicit n-bit function with
mon. formula complexity 2Ω(n/ log n)

EF
[Rothvoß’13]:
Perfect matching polytope
has extension complexity 2Ω(m)

This work:
Explicit n-dim. 0/1-polytope of
extension complexity 2Ω(n/ log n)

⇐= KW/EF connection
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Definitions

————————— KW+-game ————————

Input: Alice gets x ∈ f−1(1), Bob gets y ∈ f−1(0)
Output: An index i ∈ [n] such that xi = 1 and yi = 0

log mon. formula size of f = mon. circuit depth of f
= det. cc of KW+-game of f
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Definitions

————————— KW+-game ————————

Input: Alice gets x ∈ f−1(1), Bob gets y ∈ f−1(0)
Output: An index i ∈ [n] such that xi = 1 and yi = 0

——————————— EF ———————————

[Yannakakis’89]: • xc(P) = nonneg. rank of slack matrix
• Suppose P = {x ∈ Rn : Ax ≥ b}
• The (facet f , vertex v)-entry of

slack matrix is A f v− b f ≥ 0

[Faenza et al.’11]: log nonneg. rank of M
= randomised cc of accepting input (x, y)

with probability ∝ Mxy
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Definitions

————————— KW+-game ————————

Input: Alice gets x ∈ f−1(1), Bob gets y ∈ f−1(0)
Output: An index i ∈ [n] such that xi = 1 and yi = 0

——————————— EF ———————————

• Define F := conv f−1(1)
• Express the existence of a solution to the KW+-game:

∑
i:yi=0

xi ≥ 1 with slack ∑
i:yi=0

xi − 1

• Valid for x ∈ F and y ∈ f−1(0). Hence get a submatrix
of the slack matrix of F.
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Definitions

————————— KW+-game ————————

Input: Alice gets x ∈ f−1(1), Bob gets y ∈ f−1(0)
Output: An index i ∈ [n] such that xi = 1 and yi = 0

———————— (#∃−1)-game ————————

Input: Alice gets x ∈ f−1(1), Bob gets y ∈ f−1(0)
Output: Accept with probability proportional to

# of witnesses minus one

(#∃−1)-game for f ≤ log xc(F)
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The connection — Hrubeš–Razborov

KW/EF connection:

(#∃−1)-game for f ≤ O(KW+( f ))

Proof: 1. Find particular witness i∗ ∈ [n] (xi∗ = 1, yi∗ = 0);
uses KW+( f ) bits

2. Sample random i ∈ [n]− i∗ and accept iff
i is a witness; uses log n ≤ KW+( f ) bits

Compare with [RPRC’16] from yesterday:
“Exponential Lower Bounds for Monotone Span Programs”

This is nonnegative analogue of Razborov’s rank method!
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Proof strategy:
Query-to-communication lifting

(theme of my PhD thesis)
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Idealised Strategy

TSE TSE

z1 z2 z3 z4 z5 g g g g g

x1 y1 x2 y2 x3 y3 x4 y4 x5 y5

Compose with g

Query world:
1 Start with TSEITIN query search problem (has O(1)-bit certificates)
2 Prove that (#∃−1)-game for TSEITIN has query complexity Ω(n)

Query to communication:
3 Lift into communication search problem TSEITIN ◦ g for a small g
• Lifting theorem =⇒ (#∃−1)-game for TSEITIN ◦ g is hard

Communication world:
4 Embed TSEITIN ◦ g inside the KW+-game for

f := CSP-SAT (monotone variant)
5 Reduce F = conv f−1(1) to an independent set polytope
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More fun with KW/EF
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Further observations:

1 KW/EF connection fails for monotone circuit size

2 Explicit lower bounds for the independent set polytopes of
“sparse paving” matroids would imply non-monotone
circuit lower bounds

Open problems to attack via KW/EF?

1 Extension complexity of matroid independent set polytopes

2 Separate LP and SDP extension complexities for polytopes
Related: Separate real mon. span programs and mon. formulas

(log-rank conjecture for search problems)

Cheers!
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