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Limits on Query Complexity
We howe peoved R PP Thearm: NP & PCP[Ecz0, &Yy, T= {03, L= ply W), 4= 8, o= Olagn) ),
Q: How seall cao quiry complaxity be?

¢ We o wt wxpect q=1 for hacd langvages

Soppose Hat L has o PR (PV) with pok lwgth o alphabel I, and with
quary wwp\mil‘y q=/. Than L has a I-round 1P as @oll/ows'.

Pre (x) Ve (¥)
T=Pk) % < V(x) oy
i) '

.
7

Tha pmy-qr—-‘\‘v-‘&r({-&r com nn o1 }7 01 wwf\mb S 'oalzl.
5)4 e Bmibabins on laconte Ifs Hhat ke saw Qar(\'Qf/ W Aot M@*J‘ Iﬂalz)=0(n)
for NP-hard lm\ﬂuaka,q& (@3 3AT ).

 Tha Sithabtion with ¢=1 it quike differnt.



Two-Query PCPs
Ar& 'H\UQ ""u)o—ctvf&r)o- FC.]DS7

o No , i‘( over Ha bi'\ary ol photlboet Z =003 land the PR 15 nof,fo\o)apﬁ\,e):

lomma: PCO[ Ec=0, <\, 2 =803, L= poly(n), =2, = 0()0:74)] <P

P‘E{—‘ We view o candedatke PR &’(’n‘na ay L vanobly 2. 34,

For evely choww olé oo mnass ,oe{on']f, the deciston algor(l-kw\ & V(X,‘f) 1S Q Linchion
¢>‘,P (2,,.,%) Hat dxper\ofs on Two vacrabls amary He £ variebls.

I+ xel hn How 4% an O«Sﬁanm/d- O, -, 4y st //o\ ;5)('/, (ay,-.,4,)=1

I{ x €L fhn Hoe is no assbnmar ot Sahitliss mot than an E;wﬁradv'on £ {%,,ng.
Deciding. befitn thist two A3 On intFante of 247 whtde is in T, |

s Yes b ower larger alphabeks 2

lemma: JceN NPC FCF[EQ:Q E=1-4&, Z={D,|]Q' £=?ol\/('\)) cl: 2, (= 0('09'0)]
PQEE‘ AWL, N {T\\\i\\Q\ cl\my bu'\duz\a +o ‘HJL PC? TN.»DRW\. -
POTES T, 0,q.0 1€ POO [ 0= 1= (-80E, Z'= 27, €= 0lts) =2, €& cHlge ],



Small Query Complexity and Small Soundness Error?

Rt\:qqﬁl\a Ha PP Vwi{:;e( redutss  Soundruss ecroc bor- ¢80 1ncRases clvery com)o(asc\'%y:
Vb, PP(&=l, &, T, L, q,c e PORE), &= 65, T=Z 0=, ¢ kg 0= tic ]
And randomness-efficiod eror rduchiv (19 vig andart) deas not Nlp for Huis.

Tdea: buadle ?uzr\is ALrosS multpla rtpe htons

Te\~-|T¢
|- |

) (R 2 M (T~ [ | Ry )- |2 -~ m
E@ LUK % S PR [ e o B Sy g O

= (i) idvae(iagd  Thidx= (a4 by) “Tlidke]= (0, b2)
Qx5 (i) - Dlx,pr, (4 8e))

Qx, p - G, D (X, pz, (brb2))

The peoof lu\aH\ and Hhe olphalel Sl Squowes.

Each (fU‘\l7 LonsSitte OF onL 97Mb°| R rQFQHI'foh.

N Sound st ecrot did not Ancrease as mimv\ina iS af ask as hacd s m'w\r\i/g o [nSANCR.
N iNfuTHon AS Hat He Sound st e(roc ,idsally quadaatially so.




Parallel Repetition

More 81'\Kmlly , s leads fo tha t-wise pacllel reqetition of & given (non-odaphive) FCP -

B (x) Vi )

. Compute. T:= Plx) € Z_I. |- Sampl /:.,...,fke{o,ll(.

2. Compule H’~((T\'[i.],e...,v[ie]))(wikem, 2. Pedus query sefs: Vielt), Gi= Qx,p) ¢ ().

3. 0okt TT <@)" 3. Gonshruc foplas: ¥ie(g] = (UL, 0L
G, Chack Wt Aiegy DI, pi ITLid); - TTLidxg ) =1,

The proa{ hegth and alphabet site inctase  exponentially a .

The numbre i guents rumass the samw |, and ek QR K & fupe £ £ indaas.

Th new soundmss oo €' mst sabiefy 65 < B < €5 (& is 4 old Sy efror)
The antvition 18 Hhat & shoold be ecivad b & axponntiallz Swallee than &)
In wm, we axpedt fhe E-wik pamllel mpth'ﬁm to yrdd s incsion:

el &, T, 0,9, 01 POP( B, -8, 220 L=, 4q, 1=t].

WU Wil s e s s el i ?amm\ , ’rl\w\c[lf\ the infoifon is quahtavely frve wha 9= 2.



2-Player 1-Round Games

We ‘Pwos M 9=2 and Move o & differant viww to disess \mml(d rpehition:
def: A 2PIR gamt ix o tople (x,y,¢) whee x: L0 =5 and yt§0|l§r—>%are Hhe
vectfers MeSogR fnckions and @ 1o, T xZix 22403 AS Hh vaettees dausion prdicat .

The gamre As played oo follows ! b v g
L K0 pefo3” YL

O 1. b
— ° ¢(f,ﬁ,b)=| < The players can share
randomnss bt Hat dsts
The valve £ gor iS val (G):= mox L LA, $xep, glypl=t],  not change a qamet value.

€/‘3 P
This view is essu\h'ol\y Qqui\/cde/\‘r ) 2-quicy PoAs
* PeP[E<,8s,3,2,2,0]) = PR &, &=1- &, (T52),r]
¢ 2PR[ &¢,8s, (I, %), v ) PCRT &, &, =22, {=2-209=2,¢] P v P
[. S V] ?[ N ‘L/Q q / X (p),-- X(pe) e {o,l}" Vry ) l

The E-wise P&ra“(\ W_PQ‘H‘HW\ pr (G+) Oc G is gome 0 A 11t b b

That | ' \ Ycotegh .
at is, playing with Stetegies 4,9 means Nietey BUpi B (X0, %), g (Y (o), ()

Tt is shaghtforward to ses. Hat val (Q)° < val Cpr(G,E)) < val C6).
Question (Hha Q!\CU\\DS\)\Q‘\’QB Pam\\d ryxhtion Qr l*a,wfy Pes ) - \ra\(]x(é,’c)): \la\(é)bz



Refuting Expectation [1/2]

Fortnow Rompel , Sipser (198 ) Cw\yc\'urﬁo\ Hat Fam\lld \'qe,l'\'h‘ozx deC.Oly? emd«l7 exFor\z/\\'iaN)o.
Then in 1989 foctrow found o cunteraxcumpls o Hhis ConjeC v,
We seq o simpler covnRrxampl doe To Fugr in 1M1, Kawn a8 “non-inkeachive OﬂrQCMK'\i'".

&I\S\'d-lr Ha follow{r\j 2PIR 30\"\& ‘Z;:
Fo V B

cbo by b,

Uo,Vo W V)
2 ¢
(\Ao,Vo) = (M\,\’l)

buogVo
(“R, recived b v, )

clam: val (G) = Y,

pcoof -

. va\(a/)z Voo PooonswaS [o,b,) and Pi anduses (0,%)
. val(a)e V7« WLOG  both playecy agrat on whose F\e?'zr'c Lit -I-Lq.7 Ass,
and ons. playes has fo Gus a mndm L Hhat At Keows r\oH\i/\a ehwvi, B




Refuting Expectation [2/2]

Now tonsidlr Hhe 2-wisk repetition ® Ha 2PIR gome Z‘:
Po V B

l’DQ,bO < {Oll
b b ,b\: € {o,\“\i Em

bio
e._—
Uno.Veo WUos, Voi
Wio, Vio Uu, Viu
— 5 —

( Moo,vOD)f:: l Uor ,Vo‘\
( Mto,vxo)i wu,vn\

?
Luooé Voa )? buw s VOO

closm: va\ (pe(G20) =2 (1111

proofe -
. val (‘:\—(6\,?,))5 '/Z_: N\ (Fr(a.l))s val (G) =14
. Y , ,ben , bu _ :
val L[’( (@,2)) % Y, - b CID,LM Y ?' b T4 ba=bn Han playess win both 39\"\2.(,

This N\P'QAS 1o-. 'L | |



Verbitsky’s Theorem

We hove learnaed Hat Ha {Zollow\'/\% i false: val (pr (G,t) = val (W°.
That saad foe countecexa mple L pacallel re[wAﬂ'Hoc\ does werk, just Slowrr Hhan exl;adccol:

o in d h t
1;-032‘ 1991 also prov Hhat vo (\:r([\,{:))-" (‘T)t/]-: (\F‘—) '

Mowe taemcml\7, \erlo'l'\‘SKy Pcoveo\ Hat ])am\l\e-\ rtPeﬁﬁof\ cetreacd VQ!N{ -ﬁo( Qvery 60”\&1

Hheotem: ¥ 2p1R gome G if val (G)< 1 Hun 'l;l:'\ val (P( (61,(:)) =D.

IV proof qeneulaes to any numbec o plerr,
N prodt i¢ o direct applitation of a deep Hsult in Ramsey Haory  (which shdies
wnditions ondes which “ordt™ most apprar) and So the velt ditays SLowlY.

—

Vw\ 'H\Q PCe :— QP\p\-ﬁﬂ\M connkChon  and Ha PCP ﬂ\LORN\ W leoow «H\u\-

Cbm\\afyi AVLé 2?9 3 Z sk NPC FCFE8C:®/ 5s=£,Z,£=po‘ys(n), q: l) = Q.(loam)]

That 1S, with 2 queries we Can make He ator as small oy  want | for a lm-?g "“"’ﬁh Q\Phqbd».
Yol at this point we dopt Keow it Hw numbee £ ‘NPQ\%HO/\X @n be a rasonalle fndrion £ €



A Result On Combinatorial Lines

Lok A be o finike alphabetr ad A4 A a special _c)/mbol,

A wod is o S’m’nﬁ in A" and & oot is a s’rrl'na in (AVIAVN A

Foc o coot 1t and ace A, r(a) is Hhe word (in A¥) obtaind b)’ rQPlMll‘g tachh A with &
EX: A={\,2,3} rb=231v20122 rE)=3V1 12\ rE(3)=31312 3

A combinadprial line in AS is o subset [ € A¥ Hab losks Ik '{”‘Mam B o ot vt

3001 2
Ex: A:{l,l,l’i rk=31 24120 Lrl:,: (3 12 | LL>
3 1S z 3
: . . \ : t
Heno.  cambinatorial lines are in corespandsnt with roots, o which thas ang (1ak+1) = 141"

Lab N(AE) be Hhe moximvm Size ok ony Rt W AS cor\’rai/\if\g No combinatorial [inec |

Noke +hat N (4,6) is an integer in {0)1,.., 143,
i.( “‘ ( IS an IN (a‘zf IN (‘;/ / g AdQ{\S\'I}’VQFSIW\ aﬁ-}k\

> N(A L Hales — Jowelt Thestem
thastem [y, fabwdsn W11 ¥A ¥ €50 3T ¥e2 T NiAL) (vwremww‘l)

: : evey ©-toloring of At
The Pq\\/m;\ﬂl\ Fm:\slcf %N‘L In Zo\0 q\AI\‘H’Fo\“'IN boudS TNACKM\(%). has & monochtomehic hng
( The Ackervann fondion ig: Ak, (N2, Ak (nl=2n, ACkhtf\l’ACkm-\(Ad(m(’\’l)),)
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Proof of Verbitsky’s Theorem Neke: Hhe argument belats works

. Similarly for o ber of ployrrs.
sk A= 0,7 (sehof condamn steinge o e o) WAy B Sny R Y

We aggue Hat- il val(a o Prn vl Cpe(4,b) € NI(:,:) . wWhich condudey He prost (g [FKA1D).

Lat x(p1,y(p) ba the wefitrs mustages fo PR when the mandomnes As .
Fix ophmal 5+m+(6i'3 -ﬁ,g L PP and dafing He N.‘nm',\a sk -

W = E (pr, 0 pe) € A \ Aey. & Lpi, Filxepo,-*(pu), 3-,(y(pn,.,,y(fk)))3.

B)' dilinon  val ( Ff(q,t)>=%~ T+ Suﬁ\'&s b Show that W cortaint no cambinatdrial i
gUPPOS{ b7 oy of tontrodichon Hat thue A a oot tE whose  combinartorial line L, is 1 W
For Simplicity =Pl LA and tonsidac He Follaw{r\9 %\-mkaics to play G
P, \2\ P,
xp 07 v
P (x0),-, X( f;.),x(f))e——i : A6 (YD, ., Y (), Y(p))

Thew Srafegies Win W 1 lrtanse He antire tombinctorial finm 18 7 W,
This oantradidhs Hhe QSS\IW\QHO/\ that wal(4)<].
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