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PCPs of Proximity

A PR 15 o opew, bor o 6‘“" indtana & ond Candidealt witps w, Hab w A clote
Ly o vaWA witreys o x Fon exisie)e The PRE veifire es orody aqess B w (and o proot ).

for o telation R=9(xw)l-}, i language o R is L(R)= ix!| Fw 4. (xw)eRY and Ha vaud
wikhsses & an instane, % is RO = {wl(x,weRT. Lif xg LR) Hen K= ]

def* (PN) is oo PrfP System fe o rdation K it F“"’«MW paramais ¢ it t»vwi\l'io/\:J
0, Obw\rlekms‘, ¥ (x,w)eR , for m= Pxw) _\?(/o[_\/w’“(x)/):llé |- & {[\(w,gd).-q
© proximity sosndnastt ¥ (x,w) if Alw,RH2E Han ¥ T B[ VT (x)p) =] < &

m w

P(x,w) Vi(x)

We shew how to tonsteuck two typs &€ B
Heorm:. ¥ dro QESATIR) € PP [&=0,&=4,3= {0, [=exp(n) g= O}), c=pyl), &J

Hheowm: ¥ §70 QEAT(R) € PP [&=0, &=, 7= o,] L= pay(n), q= O ( E‘v_gz‘:’) €2 0logn), &]

Here GESAT(¥) ig the rela¥ion  {( (pry e ), 1) \ Py Pt F00, X, o[ SF, pulo) = -~-—-Pmm=o}



Easy: from PCPP to PCP

lepmma: Fix Ohy proximily Poifamehe £, S\\FPOK et o wlabon R in PCEP [S_Q,GS/ zZ, Z,,F,"]/ J).
Thea '\J\L\O\’\S!lo\aﬂ. LR is i~ PC?[&,&,Z,K'#NHK,l‘,ﬂ]].

FL"‘{E Lok [Fre,Vpx) be ha FUEY for R, WR anskoct the PIT (PV) J}or LIR) as follows:

P (X)
T=(C»1, Tiex )
. Bind Withedy W ‘:or X . (0r YR it o Inpvt.)
L Cuvv\\wk praxirity praob s T, = o (X, 1) VT (X)= Chek Hhad V2™ (x) aueps.

8, O\)'\“)J'\' = (U,-l\-]#)-

(ompletunse: T xsLR) Hw Fw sk (RuleR 5o, foe iz Tt o] \Ifﬁ"lx) =1 wip. 7 |-&.
Coundiass: If x# LIR) Hun all candidobe wibresses o far feom RIX1:

VO AR 212§ s ¥ = (R, Tx) Vol P01 g <8s. |

Thus PRXs oes “Shry c\be(\\ Han P {eva though PITRS ar aloout prexinity rodby Hhan Scﬂv‘va'obilzﬂyj.
Thy et LN ol xe (U B PO veriber ﬁd%\‘s U\)kp .\( \‘L\). An W W {Zar {Zum RIx).
> W hoyve B oworl( ot hest gt hard fo astuek ETRs. os we dik for P(% .




Harder: from PCP to PCPP

We recyeli: we mohily P®s fy \ac\soages L(R) into PCRs for +ha CoreSpordg, reledson R

Recal| +hot our l—edkn bo tonstruck P 5o G hes been b g = (T, Ty ) woben

OTo is (allgedly) H ntoding &£ 0 Candidalk withess Lh\o'\jslros ={Enc (@), ]
@il T s dise to Encl) e om 0, Toy facilitnRS chacking thaka AS o \alid witness

In {od, the anaksis showed Hheb i Hhe PCF veadher Vi T ) 2y acgts whp Hhan
not m\\y W earn thet xe L(R) bt also Hhot T 15 cloe b Sna((Y) {’0( (x,W)eR.
dof: Vg 15 (Ene, e, Bre)-snond 1§ ¥ G, 6u) 2 [y 0)=1 85 il A RG] s A, Grc 060

This leods b o kmglate construcion o6 o REP (BV) for R fam o PIT (fre Vo) B¢ L(R) a5 above:

P(X, bJ) Vw)-,rPX:(W%TSG{'.-IR) (X)

. Gm\?ul-t i PR (T, Tt ootph by Bpeg(X) when wing thowtnss w. | Chadk Hhad (1'“?“’“) %)=
W ,TT« Te

2. Compate peont For encodiog ousishens et Tes=Relwmal. 2. Chack that V/ -

The. \(ndxrgy OASSIAG, RSF sahsfiet the {ollowing, propecty:
f wis §-far from & ond Ta is drrdote Fo Enc(d) Hhn YT

m“&“( )=I L & SQ(&/Jﬂ?)‘



Consistency Test via Local Decoders [1/2]

We sy tat D is o local decoder {w Enc uith Cchod{r\% radivg 5,_,) ond 2stoc probelily € W

O ¥ o Yiem F[p""™ii)=q;)=1
® if T s 5Lp—cto&l-o Enc(a) thn Yieln) P‘[DW(“) 7 4 ]s >

We can ux lota detndecs +o do on eu\coabi/\ﬁ concisteary test wikhode - aoxiliy Fros(? e

lemma: Suppose that LR € PR [(Epep, breg, Ere), T, £,9,0] and Enc hos o lowal decader with
decoding rodin dp 2 Gree and &rroc probeliWly €y, Then ¥ d, € >0

RE PP [ E'¢ maxfenee €Y, 2, £, 4 q+0(0'_ e )%,r r+o{"‘b/€ )(laalwl’fm) 6]

Here is +Hhe constrochion & Ha PGF  ohare we wt E-= 0(_“0__)

(1-€) &
P (x,w) V W, Tax =(Tro, Tioot, L) (x)
. Com?ul-t e PR (T, That) ookpt |. Chek Hhat Vpg“'-'r’“")\x)ﬂ
by Brcg () when g o witss w. 2. Samplz A, <[Iwl] and chask +hal

2. Ovbpot Thoyis (To, Taek, L) . Yiele) D™ (i) =W



Consistency Test via Local Decoders [2/2]

P (X/W) V N/"Bx:(ﬁﬂ;-"_%{-.l-) (X)
| Gompote o PP (T, T achk . Check that Vr ™ <)
by Pog(X) whon wing the witnss . 2. Samplz A,-., <)) and chosk kol
2. Ovbput Toxi (T, sk, L) . Yiclt) D™ (i) =W,
Analysic
Complatersss: it (xwl€R +hen () by complitenss & (e Vo) | e Ty wp 1

and (i) sin. o= Enc(w) | by complelnsy of D, Yie[wl] -B'[Dwo\(\)-wﬂﬂ.

Sound!lz_ss ik wis &‘1:0\( feomn R[X] Han ¥ (T B T-sm-) G
o&q ) Vk}m'—\vm(*) =l W € G
(W xeL(R) ond To is Spe-doe 1o Ene(@) go( Some weRIX). [As Veg ic (Ere, Se, En—s0und. |
Tn ha lodfer Case, since §ree 8, VieLw B (0" o). W] -8,
Sine W is &-{o\r-(:mw\ RIXY, w is ol &-far feoum wWeRlX] i, fr[w 0 |26,
Ne dedto et V=T w‘, s £y (1= 025

' .
G E-= ((_’%LD\_E&) 3|V\S MW{ERP,




Exponential-Size Constant-Query PCPP

W cnstruded on oxp-siee amston-quary PR for QESAT () (quadbic eqahions evec ).
T U\wdx'l\ﬂ that we ustd was linar extensions: Enc: I whi Encle)= {(q,ozceﬂ:“ ,

ObSUW H\A\':
o b Sondrest aodlysis shoud tht tha PCF i [Erer= Ol Spg Bne) ~soond ¥t ¢ 3+ (1)
* Enc I\Q& o lota) dacedie G fack, o o\ correchoc) -

D' (D)= Savplt 1,5, € F* and shoon ke 7 leit - ()|

~ 0 1
If & s §-cose b Ela) Haa %[04 0 )¢ “f(“("l‘fw)’é)sgw b ez@(l 68:.»).

Herta,, (omginq bor SinpUitity on =Ty, We can apply He lamma, f9 s PP and Hhis bota| deeady

‘H\QO T, V (Y)o QESAT(IFJ € PCRP [8¢= O, '{s'—' ,/2, Z= QO,I}/ (= QXQ('\)) 9= D(‘é‘)/ ("S]’0|70('\)} &]



Polynomial-Size Polylog-Query PCPP

W oonstruded an poly-site polylog-query PR for QEAT(FF)  (quadrant equahions evec ).
The, U\(de'l\ﬂ that e ustd was moldivacnate ID(»—ClQﬂ&Q X} 0S oS ;

9 N [wk{ck has tolal clegree]
Enc(@): F"M S e Enc @)= (7, H, :;ﬁﬁ,)‘“k"s""" A Q

= I n
d ,%’3.:1"”'

Obso.( v H\M’ ;

* b sonhess andis. shoved #ot e PCF 15 [Ecq= 00, by, Ene)-sound ¥ i€ 3 (1-15)

* Enc hox & lota) daceder (i £ad', a ba\ wrrechr): mo.&.'(‘«l aants abav - decivatives
~N d‘H 2 ~J

D' (i) vl [ 1 € pr and b pluraltper ot 20 1\'(6-.+K-r3\}

T 7 15 G- Gelo) oo B[00 0006 exp (-(-@idiobt) S s for =0 105 )

| =48

Her, {oug\'oﬂ for simplitity on =y, W can apply He lomma, fo s PP and Hhis fota| dewady
Heowm: ¥ >0 QEAT(R) € PCEP [ecz 0,4=),0- {o,l'ﬂl (< pdy(n),q=0 ( dy;g(«’) €= D(gn), &]




Robustness and Proximity
Ta Lot we will need o PP that 1S alo cobut:

Hheo rum: ¥ §r0 QEAT(R)E PP [&=0,&=0, 3= {o,} L= pey(n),q= O &gﬁiﬂ_’), (=0lhgn), & , - =&('ﬂ

'Emo{' Skebdh:  [oSt P we Showdd vion quacy Wd“‘l\g ond (‘Ol?\IS‘HZ)’(ZlHO’\ Yhett :
NP e per Lz 0, 6=y, To{ond, L= py(n), q= pobylegind , 5= Ollog), 7= V1]

The s’m\(h'r\a PR fae QEATIR) is (&p, Jpe, Ene) ~30und  (here Eac is Hh lan-degras zxkns\o/\),
and S0 s tha R&\ﬂlv?\ﬂ st PP for QELT(W).

Henea AF soffiees #o M\qhﬂﬂ’f Hus Jaliee tvth oa @\(pd){t\o mf\sisk/\cy st that AS robust.

We Icnow (fom Hha bt C7 accqﬁn wp > Epe) Hhat Ta is Op-chose o Enc (&) e soma W & RED.
We. oply o\,/be&p'ak;‘ quesy bw\cllirg od pbvsificabon v Hhe peio( owdR's  Jocal docodar:

the prowe providss , 4fie [wil and relr, an enading € Unds( o good eods. C & N ooefficionts
A Ha polynomwal i (:= (@) (revi0-9), TR (axed) low) draadee wodks as falloles

~/
ul

D (\) = SaN\\a\x h,.,v €F ond tehen P\Mm\/jﬁ&l{ﬁ""i (0) tohate 6“-‘,"1 T C-\(C'I,\j,)lp

pavided Hhat for ondpm §EF B (§) = T L5841 (1-8)) -
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PCP Theorem via Proof Composition [1/3]

Hhaorem: AP & PeP[ &= 0, &=V, L=8oi}, L= pohfal, 4= 001) , 1= 0( laga) ]

[ every whaet lee loud

Pﬁ)o( QU—(N\P{' APPI)' (non-'\ni-e_racﬁvc) Proo% mw\Pog(HOI\ H‘\Mﬁm w]i'b\: <°_Q=0,Eg='/z,2':£od3

* oyler PP : robust wvaciont ofF o poly-sidr polvoq -qutry PR for NP [ lians lact Jocture ]
CHAT € F(?[ZM = poly (n), qw:;»ly(loah] s Roo= 0(103\'\)/ Soat-= Pol)o (los n), Gog= Lﬂ)(l)j

- danae POTT: proximity worlant of Ha xp-SiR owstant-gury P fbr NP [ fom today ]
Rt € Peve [ 4, = exp M), 95= 00, Gin= poly (i), S O )

B)l Cr\sur\‘rxﬂ ot 6 2dia ond sdlv’oa Nia= St (), we 3&\' Ov Com posed PP RAD with:
CSAT € PCP[ /= Lo + 27 - &xp (poly (log n) =nf"7'bj("), 9=4ia= O0), (= f,‘,\.'l'ri,\:Po\yLﬁ('\)].
This 0P is heo lonﬂ.

Idea  Rest COMPSE poly-SitR. palag-qutry PP with el h got Swalke Sl S -
Second, Compote HW result with exp-Sis ovstant-quary PP
TRS requirt iy to use o fobost PR 4 poo xSty .
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PCP Theorem via Proof Composition [2/3]

Hhaorem: AP & PR[ &= 0, E=Yy, 2=}, L=pobal, = 001) , 1= 0(logn) ]

Boct | of proof Apply (non-intemchive) proot cowmpesition theorm with:

« ouker PP robutt vaciont of Ha poly-sidR \uoh).oa-c'ovjy PR (‘W NP [l\\k& N peior \Slid&]
CRAT ¢ F(?[ZM = poly (n), qwﬁpoly(loahl ; Rt = O('OQ\'\), Sout-= Pol)oflog ), Gout = LSLU)]

« danae POYD: (o) o9 proxamity wvariant oF H poly-siar peloq -qutry @ for NP [ oo fody ]
R(le-) ¢ POY [(."\-: P3,7 ( n;")l Ch‘f fol\/ (lﬁg)hi/\)/ (in = C(k‘ﬁ wi'\)/ Si":]’o,)' UO\] n‘“)l 8"\= O(U/ 6;\:&(”]

By a\suc\‘z\ﬂ ot Goi?din ond sdlv'oa Nin=Sort () we ?e\' O\ Cor postd PCP A A mﬂ\)
CSAT € PP (L= fout +2n = poly () 0= in= pohyoojogn), 1= fyr 030 = Ollgn), $= Su=pelyllylosw) 6, o))

Tn He voxt pompssihon Hh omposed PR will att as Ha ovter PCP,
Honce: @ we usd fhe fadt thad if Fha dnner PR is robust Hhan S0 4s Hhe mMIWJ fep
® we st ketp tock o fhe ok Si fr Hee Compoted POP (i i S= S (i) )
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PCP Theorem via Proof Composition [3/3]

Hhaorem: AP & PR[ &= 0, E=Yy, 2=}, L=pobal, = 001) , 1= 0(logn) ]

et 2 of Per Apply (non-intemchive) proof Lawpesition theom with:

*ovker PP 1 e poly-siam pelvky Lo oty ohst TP be NP oltaingd from finst Compalition
CAT € FW[,@M 2 poly (n), qwﬁpoly (Ibﬁ»loah] ; Rogt= O(loah)/ Seut = pol)a (hﬁlogvﬂ, Cost = LSL(I)]

+danae POVR: croximity variant of exp-si owstant-guary P fhr NP [ {fom today)
R(vet) € Peee [ 4, = exp (i), 93= 001), Gin= poly (0iy) , Sia= O )

By ensuring ot Goi?din ond Szﬂv’n\a Nin= St (n) | we ?e.\' Ov Com poskd PCP £ A with:
CSAT € PP [ £= Low +2Cin = poly(n), q:[fin:O(/), (= fm’f"iﬁo("\‘)"u = ouc gpal | B

Bonus  Haorem: ¥8>0 APL PRPL &= 0, &=Y,, T=00l), L=polylal, 4= 001), 1= 0 loga), § ]

pesof: Similar 2-step compositon bt in the st tamposion, shact o an ouRr POP
Hal & bk R o ‘am)dwﬁ\] Fme-\- Buth obw\?oc\ﬁoz\s PREAR Ha -(ao|~ Yat
oktr PR {s o proxivaty prod (and Y proxitity pacameler  FRmais waf{ad{a”. _
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